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Abstract—Subtree matching is an important problem in Com-
puter Science on which a number of tasks, such as mechanical
theorem proving, term-rewriting, symbolic computation and non-
procedural programming languages are based on. A systematic
approach to the construction of subtree pattern matchers by
deterministic pushdown automata, which read subject treesin
prefix notation, is presented. The method is analogous to the
construction of string pattern matchers: for a given pattern, a
nondeterministic pushdown automaton is created and then itis
determinised. In addition, it is shown that the size of the resulting
deterministic pushdown automata directly corresponds to the size
of the existing string pattern matchers based on finite automata.

I. I NTRODUCTION

T HE THEORY of formal string (or word) languages [1],
[12], [19] and the theory of formal tree languages [4], [7],

[9] are important parts of the theory of formal languages [20].
The most famous models of computation of the theory of tree
languages are various kinds of tree automata [4], [7], [9]. Trees
can also be seen as strings, for example in their prefix (also
called preorder) or postfix (also called postorder) notation. [13]
shows that the deterministic pushdown automaton (PDA) is an
appropriate model of computation for labelled, ordered, ranked
trees in postfix notation and that trees in postfix notation which
are accepted by deterministic PDAs form a proper superclass
of the class of regular tree languages, which are accepted by
finite tree automata.

Tree pattern matching is often declared to be analogous to
the problem of string pattern matching [4]. One of the basic
approaches used for string pattern matching can be represented
by finite automata constructed for the pattern, which means
that the pattern is preprocessed. Examples of these automata
can be the string matching automata [5], [6], [17], [21]. Given
a patternP of size m, the string matching automaton can
be constructed for the patternP in time linear to m. The
constructed string matching automaton accepts the set of all
words containing patternP as a suffix and thus it can find all
occurrences of stringP in a given textT . The main advantage
of this kind of finite automata is that the deterministic string
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matching automaton can be constructed in time linear to the
size of the given patternP and the search phase is in time
linear to the input text.

Although there are many tree pattern matching methods
(see [11] for these methods along with their time and space
complexities), they fail to represent a simple and systematic
approach with a linear time searching phase which would
also be directly analogous to the basic string pattern matching
method.

This paper presents a new kind of PDAs for trees in
prefix notation, which is directly analogous to string matching
automata and their properties:subtree matching PDAscon-
structed over a treet1 can find all occurrences of subtreet1
within a given treet2 in time O(n), wheren is the number
of nodes oft2. The basic idea of the subtree matching PDAs
has been presented in [16]. This paper deals with the subtree
matching PDAs in more detail.

By analogy with the string matching automaton, the subtree
matching PDA is constructed over a given subtreet1 having
m nodes.

Moreover, the presented subtree matching PDAs have the
following two other properties. First, they are input–driven
PDAs [23], which means that each pushdown operation is
determined only by the input symbol. The input–driven PDAs
can be always determinised [23]. Second, their pushdown
symbol alphabets contain just one pushdown symbol and
therefore their pushdown store can be implemented by a single
integer counter. This means that the presented PDAs can be
transformed to counter automata [3], [22], which is a weaker
and simpler model of computation than the PDA.

The rest of the paper is organised as follows. Basic defini-
tions are given in section II. Some properties of subtrees in
prefix notation are discussed in the third section. The fourth
section deals with the subtree matching PDA. Fifth section
acts as an overview of the time and space complexities and
the last section is the conclusion.

II. BASIC NOTIONS

A. Ranked alphabet, tree, prefix notation, subtree matching

We define notions on trees similarly as they are defined in
[1], [4], [7], [9].
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We denote the set of natural numbers byN. A ranked
alphabetis a finite, nonempty set of symbols, each of which
has a unique nonnegativearity (or rank). Given a ranked
alphabetA, the arity of a symbola ∈ A is denotedArity(a).
The set of symbols of arityp is denoted byAp. Elements of
arity 0, 1, 2, . . . , p are respectively called nullary (constants),
unary, binary,. . ., p-ary symbols. We assume thatA contains
at least one constant. In the examples we use numbers at the
end of identifiers for a short declaration of symbols with arity.
For instance,a2 is a short declaration of a binary symbola.

Based on concepts of the graph theory (see [1]), a labelled,
ordered, ranked tree over a ranked alphabetA can be defined
as follows:

An ordered directed graphG is a pair (N, R), where
N is a set of nodes andR is a set of linearly ordered
lists of edges such that each element ofR is of the form
((f, g1), (f, g2), . . . , (f, gn)), where f, g1, g2, . . . , gn ∈ N ,
n ≥ 0. This element would indicate that, for nodef , there
aren edges leavingf , the first entering nodeg1, the second
entering nodeg2, and so forth.

A sequence of nodes(f0, f1, . . . , fn), n ≥ 1, is a path of
length n from nodef0 to nodefn if there is an edge which
leaves nodefi−1 and enters nodefi for 1 ≤ i ≤ n. A cycle
is a path(f0, f1, . . . , fn), wheref0 = fn. An ordereddag
(dag stands for Directed Acyclic Graph) is an ordered directed
graph that has no cycle. Alabelling of an ordered graphG =
(A, R) is a mapping ofA into a set of labels. In the examples
we useaf for a short declaration of nodef labelled by symbol
a.

Given a nodef , its out-degreeis the number of distinct pairs
(f, g) ∈ R, whereg ∈ A. By analogy,in-degreeof the node
f is the number of distinct pairs(g, f) ∈ R, whereg ∈ A.

A labelled, ordered, ranked and rooted treet over a ranked
alphabetA is an ordered dagt = (N, R) with a special node
r ∈ A called theroot such that
(1) r has in-degree0,
(2) all other nodes oft have in-degree 1,
(3) there is just one path from the rootr to everyf ∈ N ,
wheref 6= r,
(4) every nodef ∈ N is labelled by a symbola ∈ A and
out-degree ofaf is Arity(a).

Nodes labelled by nullary symbols (constants) are called
leaves.

Prefix notation pref(t) of a labelled, ordered, ranked and
rooted treet is obtained by applying the followingStep
recursively, beginning at the root oft:
Step: Let this application ofStepto be nodeaf . If af is a leaf,
list a and halt. Ifaf is not a leaf, let its direct descendants be
af1

, af2
, . . . , afn

. Then lista and subsequently applyStepto
af1

, af2
, . . . , afn

in that order.

Example 2.1:Consider a ranked alphabetA =
{a2, a1, a0}. Consider a treet1 overA
t1 = ({a21, a22, a03, a14, a05, a16, a07}, R), where R is a
set of the following ordered sequences of pairs:

a05

a03 a14 a07

a22 a16

a21

pref(t1) = a2 a2 a0 a1 a0 a1 a0

Fig. 1. Treet1 from Example 2.1 and its prefix notation.

((a21, a22), (a21, a16)),
((a22, a03), (a22, a14)),
((a14, a05)),
((a16, a07))

Tree t1 in prefix notation is string pref(t1) =
a2 a2 a0 a1 a0 a1 a0. Trees can be represented graphically
and treet1 is illustrated in Fig. 1.

The height of a treet, denoted byHeight(t), is defined as
the maximal length of a path from the root oft to a leaf oft.

A subtreep matchesan object treet at noden if p is equal
to the subtree oft rooted atn.

B. Alphabet, language, pushdown automaton

We define notions from the theory of string languages
similarly as they are defined in [1], [12].

Let an alphabetbe a finite nonempty set of symbols. A
string x over a given alphabet is a finite, possibly empty
sequence of symbols. Alanguageover an alphabetA is a
set of strings overA. SetA∗ denotes the set of all strings
over A including the empty string, denoted byε. SetA+ is
defined asA+ = A∗ \ {ε}. Similarly for string x ∈ A∗,
xm, m ≥ 0, denotes them-fold concatenation ofx with
x0 = ε. Set x∗ is defined asx∗ = {xm : m ≥ 0} and
x+ = x∗ \ {ε} = {xm : m ≥ 1}.

An (extended) nondeterministic pushdown
automaton (nondeterministic PDA) is a seven-tuple
M = (Q,A, G, δ, q0, Z0, F ), where Q is a finite set of
states, A is an input alphabet, G is a pushdown store
alphabet, δ is a mapping fromQ× (A∪{ε})×G∗ into a set
of finite subsets ofQ×G∗, q0 ∈ Q is an initial state,Z0 ∈ G
is the initial contents of the pushdown store, andF ⊆ Q is the
set of final (accepting) states. Triplet(q, w, x) ∈ Q×A∗×G∗

denotes the configuration of a pushdown automaton. In this
paper we will write the top of the pushdown storex on its left
hand side. The initial configuration of a pushdown automaton
is a triplet (q0, w, Z0) for the input stringw ∈ A∗.

The relation⊢M⊂ (Q × A∗ × G∗) × (Q × A∗ × G∗)
is a transition of a pushdown automatonM . It holds that
(q, aw, αβ) ⊢M (p, w, γβ) if (p, γ) ∈ δ(q, a, α). The k-th
power, transitive closure, and transitive and reflexive closure
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[0] [0, 1] [0, 1, 2] [0, 3] [0, 4] [0, 5] [0, 6] [0, 7]
a2 a2 a0 a1 a0 a1 a0

a0, a1
a2

a1, a0

a2

a1

a0

a1

a0

a1

a1, a0

a2

a2

a2

a2

Fig. 2. Transition diagram of deterministic string matching automaton for patternx = a2 a2 a0 a1 a0 a1 a0 from Example 2.2.

of the relation⊢M is denoted⊢k
M , ⊢+

M , ⊢∗

M , respectively. A
pushdown automatonM is deterministicpushdown automaton
(deterministic PDA), if it holds:

1) |δ(q, a, γ)| ≤ 1 for all q ∈ Q, a ∈ A ∪ {ε}, γ ∈ G∗.
2) If δ(q, a, α) 6= ∅, δ(q, a, β) 6= ∅ and α 6= β then α is

not a suffix ofβ andβ is not a suffix ofα.
3) If δ(q, a, α) 6= ∅, δ(q, ε, β) 6= ∅, thenα is not a suffix

of β andβ is not a suffix ofα.
A pushdown automaton isinput–drivenif its each pushdown

operation is determined only by the input symbol.
A languageL accepted by a pushdown automatonM is
defined in two distinct ways:

1) Accepting by final state:

L(M) = {x : δ(q0, x, Z0) ⊢
∗

M (q, ε, γ) ∧ x ∈ A∗ ∧

γ ∈ G∗ ∧ q ∈ F}.

2) Accepting by empty pushdown store:

Lε(M) = {x : (q0, x, Z0) ⊢
∗

M (q, ε, ε)∧x ∈ A∗∧q ∈ Q}.

If PDA accepts the language by empty pushdown store then
the setF of final states may be the empty set. The subtree
PDAs accept the languages by empty pushdown store.

For more details on pushdown automata see [1], [12].

C. Example of string matching automaton

Example 2.2:The transition diagram of the determin-
istic string matching automaton constructed for string
a2 a2 a0 a1 a0 a1 a0 is illustrated in Fig. 2. (See [1],[5]
and [17] for definitions of finite automata and construction of
the deterministic string matching automaton.)

III. PROPERTIES OF SUBTREES IN PREFIX NOTATION

In this section we describe some general properties of the
prefix notation of a tree and of its subtrees. These properties
are important for the construction of the subtree matching
PDA, which is described in the next section.

a0

a0 a1 a0

a2 a1

a2

a2 a2 a0 a1 a0 a1 a0

a0

a0 a1

a2

a2 a0 a1 a0

a0

a1

a1 a0

a0

a0

Fig. 3. All subtrees of treet1 from Example 2.1, and their prefix notations.

Example 3.1:Consider treet1 in prefix notationpref(t1) =
a2 a2 a0 a1 a0 a1 a0 from Example 2.1, which is is illustrated
in Fig. 1. Treet1 contains only subtrees shown in Fig. 3.

Generally, for any tree, the following theorem holds.
Theorem 1:Given a treet and its prefix notationpref(t),

all subtrees oft in prefix notation are substrings ofpref(t).
Proof: By induction on the height of the subtree.

1) If a subtreet′ has just one nodea, whereArity(a) = 0,
then Height(t′) = 0, pref(t′) = a and the claim holds
for that subtree.

2) Assume that claim holds for subtreest1, t2, . . . , tp,
wherep ≥ 1, Height(t1) ≤ m, Height(t2) ≤ m, . . .,
Height(tp) ≤ m, m ≥ 0. We have to prove that the
claim holds also for each subtreet′ = at1t2 . . . tp, where
Arity(a) = p, Height(t′) = m + 1:
As pref(t′) = a pref(t1) pref(t2) . . . pref(tp), the claim
holds for the subtreet′.

Thus, the theorem holds.
However, not every substring of a tree in prefix notation is

its subtree in prefix notation. This can be easily seen on the
fact that for a given tree withn nodes in prefix notation, there
can beO(n2) distinct substrings but there is justn subtrees –
each node of the tree is the root of just one subtree. Just those
substrings which themselves are trees in prefix notation are
those which are the subtrees in prefix notation. This property
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0 1 2 3 4 5 6 7
a2|S 7→ SS a2|S 7→ SS a0|S 7→ ε a1|S 7→ S a0|S 7→ ε a1|S 7→ S a0|S 7→ ε

Fig. 4. Transition diagram of deterministic PDAMp(t1) accepting treet1 in prefix notationpref(t1) = a2 a0 a2 a0 a0 a0 from Example 4.1.

is formalised by the following definition and theorem.
Definition 2: Let w = a1a2 . . . am, m ≥ 1, be a

string over a ranked alphabetA. Then, thearity checksum
ac(w) = Arity(a1) + Arity(a2) + . . . + Arity(am) − m + 1=∑m

i=1 Arity(ai) − m + 1.
Theorem 3:Let pref(t) andw be a treet in prefix notation

and a substring ofpref(t), respectively. Then,w is the prefix
notation of a subtree oft, if and only if ac(w) = 0, and
ac(w1) ≥ 1 for eachw1 , wherew = w1x, x 6= ε.

Proof: It is easy to see that for any two subtreesst1
and st2 it holds thatpref(st1) and pref(st2) are either two
different strings or one is a substring of the other. The former
case occurs if the subtreesst1 andst2 are two different trees
with no shared part and the latter case occurs if one tree is a
subtree of the other tree. No partial overlapping of subtrees is
possible in ranked ordered trees. Moreover, it holds for anytwo
subtrees which are adjacent siblings that their prefix notations
are two adjacent substrings.

– If: By induction on the height of a subtreest, where
w = pref(st):

1) We assume thatHeigth(st) = 1, which means we
consider the casew = a. where Arity(a) = 0.
Then, ac(w) = 0. Thus, the claim holds for the
caseHeight(st) = 1.

2) Assume that the claim holds for the subtrees
st1, st2, . . . , stp where p ≥ 1, Height(st1) ≤
m, Height(st2) ≤ m, . . ., Height(stp) ≤ m,
ac(pref(st1)) = 0, ac(pref(st2)) = 0, . . .,
ac(pref(stp)) = 0.
We are to prove that it holds also for
a subtree of height m + 1. Assume
w = a pref(st1) pref(st2) . . . pref(stp), where
Arity(a) = p. Then
ac(w) = p + ac(pref(st1)) + ac(pref(st2)) + . . . +
ac(pref(stp)) − (p + 1) + 1 = 0 and ac(w1) ≥ 1
for eachw1 , wherew = w1x, x 6= ε.
Thus, the claim holds for the caseHeight(st) =
m + 1.

– Only if : Assumeac(w) = 0, andw = a1a2 . . . ak, where
k ≥ 1, Arity(a1) = p. Sinceac(w1) ≥ 1 for eachw1,
where w = w1x, x 6= ε, none of the substringsw1

can be a subtree in prefix notation. This means that the
only possibility for ac(w) = 0 is that w is of the form
w = a pref(t1) pref(t2) . . . pref(tp), wherep ≥ 0, and

t1, t2 . . . tp are subtrees which are adjacent siblings. In
such caseac(w) = p + 0 − (p + 1) + 1 = 0.
No other possibility of the form ofw for ac(w) = 0 is
possible. Thus, the claim holds.

Thus, the theorem holds.
We note that in subtree matching PDAs, the arity checksum

is computed by pushdown operations, where the contents
of the pushdown store represents the corresponding arity
checksum. For example, the empty pushdown store means that
the corresponding arity checksum is equal to0.

IV. SUBTREE MATCHING PUSHDOWN AUTOMATON

This section deals with the subtree matching PDA for trees
in prefix notation: algorithms and theorems are given and the
subtree matching PDA and its construction are demonstrated
with an example.

Definition 4: Let s andpref(s) be a tree and its prefix no-
tation, respectively. Given an input treet, a subtree pushdown
automaton constructed overpref(s) accepts all matches of tree
s in the input treet by final state.

First, we start with a PDA which accepts the whole
subject tree in prefix notation. The construction of the PDA
accepting a tree in prefix notation is described by Alg. 1. The
constructed PDA is deterministic.

Algorithm 1. Construction of a PDA accepting a treet in
prefix notationpref(t).
Input: A tree t over a ranked alphabetA; prefix notation
pref(t) = a1a2 . . . an, n ≥ 1.
Output: PDA Mp(t) = ({0, 1, 2, . . . , n},A, {S}, δ, 0, S, ∅).
Method: 1.

1) For each statei, where 1 ≤ i ≤ n, create a new
transition
δ(i − 1, ai, S) = (i, SArity(ai)), whereS0 = ε.

Example 4.1:The PDA constructed by Alg. 1, accepting
the prefix notationpref(t1) = a2 a2 a0 a1 a0 a1 a0 of tree
t1 from Example 2.1, is the deterministic PDA
Mp(t1) = ({0, 1, 2, 3, 4, 5, 6, 7},A, {S}, δ1, 0, S, ∅)), where
the mappingδ1 is a set of the following transitions:
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State Input Pushdown Store
0 a2 a2 a0 a1 a0 a1 a0 S
1 a2 a0 a1 a0 a1 a0 S S
2 a0 a1 a0 a1 a0 S S S
3 a1 a0 a1 a0 S S
4 a0 a1 a0 S S
5 a1 a0 S
6 a0 S
7 ε ε
accept

Fig. 5. Trace of deterministic PDAMp(t1) from Example 4.1 for treet1
in prefix notationpref(t1) = a2 a2 a0 a1 a0 a1 a0.

δ1(0, a2, S) = (1, SS)
δ1(1, a2, S) = (2, SS)
δ1(2, a0, S) = (3, ε)
δ1(3, a1, S) = (4, S)
δ1(4, a0, S) = (5, ε)
δ1(5, a1, S) = (6, S)
δ1(6, a0, S) = (7, ε)

The transition diagram of deterministic PDAMp(t1) is
illustrated in Fig. 4. In that figure, for each transition rule
δ1(p, a, α) = (q, β) from δ, the edge leading from statep to
stateq is labelled by the triplet of the forma|α 7→ β.

Fig. 5 shows the sequence of transitions (trace) performed
by deterministic PDAMp(t1) for treet1 in prefix notation.

Theorem 5:Let M = ({Q,A, {S}, δ, 0, S, ∅) be an input-
driven PDA whose each transition fromδ is of the form
δ(q1, a, S) = (q2, S

i), wherei = Arity(a).
Then, if (q3, w, S) ⊢+

M (q4, ε, S
j), thenj = ac(w).

Proof: By induction on the length ofw:

1) Assumew = a. Then,(q3, a, S) ⊢M (q4, ε, S
j), where

j = Arity(a) = ac(a). Thus, the claim holds for the case
w = a.

2) Assume that claim holds for a stringw = a1a2 . . . ak,
wherek ≥ 1. This means that(q3, a1a2 . . . ak, S) ⊢k

M

(q4, ε, S
j), wherej = ac(a1a2 . . . ak). We have to prove

that the claim holds also forw = a1a2 . . . ak a.
It holds that (q3, a1a2 . . . aka, S) ⊢k

M (q4, a, Sj) ⊢M

(q5, ε, S
l), where

l = j + Arity(a) − 1 = ac(w) + Arity(a) − 1
= Arity(a1) + Arity(a2) + . . . + Arity(ak) − k + 1 +
Arity(a) − 1
= ac(a1a2 . . . aka).
Thus, the claim holds for the casew = a1a2 . . . ak a.

Thus, the theorem holds.
The correctness of the deterministic PDA constructed by

Alg. 1 which accepts trees in prefix notation, is described by
the following lemma.

Lemma 6:Given a treet and its prefix notationpref(t),
the PDAMp(t) = ({0, 1, 2, . . . , n},A, {S}, δ, 0, S, ∅), where
n ≥ 0, constructed by Alg. 1 acceptspref(t).

Proof: By induction on the height of the treet:

1) If tree t has just one nodea, whereArity(a) = 0, then

Height(t) = 0, pref(t) = a, δ(0, a, S) = (1, ε) ∈ δ,
(0, a, S) ⊢Mp(t) (1, ε, ε) and the claim holds for that
tree.

2) Assume that claim holds for treest1, t2, . . . , tp, where
p ≥ 1, Height(t1) ≤ m, Height(t2) ≤ m, . . .,
Height(tp) ≤ m, m ≥ 0.
We have to prove that the claim holds also for each tree
t such that
pref(t) = a pref(t1)pref(t2) . . . pref(tp), Arity(a) = p,
andHeight(t) ≥ m + 1:
Sinceδ(0, a, S) = (1, Sp) ∈ δ, and
(0, a pref(t1)pref(t2) . . . pref(tp), S)
⊢Mp(t) (1, pref(t1)pref(t2) . . . pref(tp), Sp)
⊢∗

Mp(t) (i, pref(t2) . . . pref(tp), Sp−1)
⊢∗

Mp(t) . . .

⊢∗

Mp(t) (j, pref(tp), S)

⊢∗

Mp(t) (k, ε, ε),
the claim holds for that tree.

Thus, the lemma holds.

We present the construction of the deterministic subtree
matching PDA for trees in prefix notation. The construction
consists of two steps. First, a nondeterministic subtree
matching PDA is constructed by Alg. 2. This nondeterministic
subtree matching PDA is an extension of the PDA accepting
trees in prefix notation, which is constructed by Alg. 1.
Second, the constructed nondeterministic subtree matching
PDA is transformed to the equivalent deterministic subtree
matching PDA. In spite of the fact that the determinisation
of a nondeterministic PDA is not possible generally, the
constructed nondeterministic subtree matching PDA is an
input–driven PDA and therefore can be determinised [23].

Algorithm 2. Construction of a nondeterministic subtree
matching PDA for a treet in prefix notationpref(t).
Input: A tree t over a ranked alphabetA; prefix notation
pref(t) = a1a2 . . . an, n ≥ 1.
Output: Nondeterministic subtree matching PDA
Mnps(t) = ({0, 1, 2, . . . , n},A, {S}, δ, 0, S, {n}).
Method: 1.

1) Create PDAMnps(t) as PDAMp(t) by Alg. 1.
2) For each symbola ∈ A create a new transition

δ(0, a, S) = (0, SArity(a)), whereS0 = ε.

Example 4.2:The subtree matching PDA, constructed by
Alg. 2 from tree t1 having prefix notationpref(t1) =
a2 a2 a0 a1 a0 a1 a0, is the nondeterministic PDA
Mnps(t1) = ({0, 1, 2, 3, 4, 5, 6, 7},A, {S}, δ2, 0, S, {7})),
where mappingδ2 is a set of the following transitions:
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0 1 2 3 4 5 6 7

a0|S 7→ ε
a1|S 7→ S

a2|S 7→ SS

a2|S 7→ SS a2|S 7→ SS a0|S 7→ ε a1|S 7→ S a0|S 7→ ε a1|S 7→ S a0|S 7→ ε

Fig. 6. Transition diagram of nondeterministic subtree matching PDAMp(t1) for treet1 in prefix notationpref(t1) = a2 a2 a0 a1 a0 a1 a0 from Example
4.2.

δ2(0, a2, S) = (1, SS)
δ2(1, a2, S) = (2, SS) δ2(0, a2, S) = (0, SS)
δ2(2, a0, S) = (3, ε) δ2(0, a1, S) = (0, S)
δ2(3, a1, S) = (4, S) δ2(0, a0, S) = (0, ε)
δ2(4, a0, S) = (5, ε)
δ2(5, a1, S) = (6, S)
δ2(6, a0, S) = (7, ε)

The transition diagram of the nondeterministic PDA
Mnps(t1) is illustrated in Fig. 6. Again, in that figure, for each
transition ruleδ2(p, a, α) = (q, β) from δ2, the edge leading
from statep to stateq is labelled by the triplet of the form
a|α 7→ β.

Theorem 7:Given a trees and its prefix notationpref(s),
the PDAMnps(s) constructed by Alg. 2 is a subtree matching
PDA for pref(s).

Proof: According to Theorem 3, given an input treet,
each subtree in prefix notation is a substring ofpref(t). Since
the PDAMnps(s) has just states and transitions equivalent to
the states and transitions, respectively, of the string matching
automaton , the PDAMnps(t) accepts all matches of subtree
s in tree t by final state.

For the construction of deterministic subtree PDA, we use
the transformation described by Alg. 3. This transformation is
based on the well known transformation of nondeterministic
finite automaton to an equivalent deterministic one, which
constructs the states of the deterministic automaton as subsets
of states of the nondeterministic automaton and selects only a
set of accessible states (i.e. subsets) [12]. Again, statesof the
resulting deterministic PDA correspond to subsets of states
of the original nondeterministic PDA.

Algorithm 3. Transformation of an input–driven nondeter-
ministic PDA to an equivalent deterministic PDA.
Input: Input–driven nondeterministic PDA
Mnx(t) = ({0, 1, 2, . . . , n},A, {S}, δ, 0, S, F )
Output: Equivalent deterministic PDA
Mdx(t) = (Q′,A, {S}, δ′, qI , S, F ′).
Method: 1.

1) Initially, Q′ = {{0}}, qI = {0} and {0} is an
unmarked state.

2) (a)

a) Select an unmarked stateq′ from Q′.
b) For each input symbola ∈ A:

i) q′′ = {q : δ(p, a, α) = (q, β) for all p ∈ q′}.
ii) Add transitionδ′(q′, a, S) = (q′′, Arity(a)).
iii) If q′′ /∈ Q then addq′′ to Q and set it as

unmarked state.

c) Set stateq′ as marked.

3) Repeat step 2 until all states inQ′ are marked.
4) F ′ = { q′ | q′ ∈ Q′ ∧ q′ ∩ F 6= ∅ }.

The deterministic subtree matching automatonMdps(t) for
a tree t with prefix notationpref(t) is demonstrated by the
following example.

Example 4.3:The deterministic subtree matching PDA for
tree t1 in prefix notationpref(t1) = a2 a2 a0 a1 a0 a1 a0
from Example 2.1, which has been constructed by Alg. 3
from nondeterministic subtree matching PDAMnps(t1)
from Example 4.2, is the deterministic PDAMdps(t1) =
({[0], [0, 1], [0, 1, 2], [0, 3], [0, 4], [0, 5], [0, 6], [0, 7]},A,
{S}, δ3, [0], S, {[0, 7]}),
where mappingδ3 is a set of the following transitions:

δ3([0], a0, S) = ([0], ε) δ3([0, 4], a0, S) = ([0, 5], ε)
δ3([0], a1, S) = ([0], S) δ3([0, 4], a1, S) = ([0], S)
δ3([0], a2, S) = ([0, 1], SS) δ3([0, 4], a2, S) = ([0, 1], SS)
δ3([0, 1], a0, S) = ([0], ε) δ3([0, 5], a0, S) = ([0], ε)
δ3([0, 1], a1, S) = ([0], S) δ3([0, 5], a1, S) = ([0, 6], S)
δ3([0, 1], a2, S) = ([0, 1, 2], SS) δ3([0, 5], a2, S) = ([0, 1], SS)
δ3([0, 1, 2], a0, S) = ([0, 3], ε) δ3([0, 6], a0, S) = ([0, 7], ε)
δ3([0, 1, 2], a1, S) = ([0], S) δ3([0, 6], a1, S) = ([0], S)
δ3([0, 1, 2], a2, S) = ([0, 1, 2], SS) δ3([0, 6], a2, S) = ([0, 1], SS)
δ3([0, 3], a0, S) = ([0], ε) δ3([0, 7], a0, S) = ([0], ε)
δ3([0, 3], a1, S) = ([0, 4], S) δ3([0, 7], a1, S) = ([0], S)
δ3([0, 3], a2, S) = ([0, 1, 1], SS) δ3([0, 7], a2, S) = ([0, 1], SS)

The transition diagram of deterministic PDAMdps(t1) is
illustrated in Fig. 7. Again, in that figure, for each transition
rule δ3(p, a, α) = (q, β) from δ3, the edge leading from state
p to stateq is labelled by the triple of the forma|α 7→ β.

We note that the deterministic subtree matching PDA
Mdps(t1) has a very similar transition diagram to the string
matching automaton constructed forpref(t1) [5], [17], as can
be seen by comparing Figs. 2 and 7.

Fig. 8 shows the sequence of transitions (trace)
performed by the deterministic subtree PDA
Mdps(t1) for an input tree t2 in prefix notation
pref(t2) = a2 a2 a2 a0 a1 a0 a1 a0 a1 a1 a2 a0 a0.
The accepting state is{0, 7}. Fig. 9 depicts the pattern
subtreet1 and input treet2.

Theorem 8:Given a nondeterministic input–driven PDA
Mnx(t) = (Q,A, {S}, δ, q0, S, F ), the deterministic PDA
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[0] [0, 1] [0, 1, 2] [0, 3] [0, 4] [0, 5] [0, 6] [0, 7]
a2|S 7→ SS a2|S 7→ SS a0|S 7→ ε a1|S 7→ S a0|S 7→ ε a1|S 7→ S a0|S 7→ ε

a0|S 7→ ε
a1|S 7→ S a2|S 7→ SS

a2|S 7→ SS

a1|S 7→ S
a0|S 7→ ε

a1|S 7→ S
a0|S 7→ ε

a1|S 7→ S
a0|S 7→ ε

a1|S 7→ S

a1|S 7→ S
a0|S 7→ ε

a2|S 7→ SS
a2|S 7→ SS

a2|S 7→ SS
a2|S 7→ SS

Fig. 7. Transition diagram of deterministic PDAMdps(t1) for tree t1 in prefix notationpref(t1) = a2 a2 a0 a1 a0 a1 a0 from Example 4.3.

State Input PDS
[0] a2 a2 a2 a0 a1 a0 a1 a0 a1 a1 a2 a0 a0 S
[0, 1] a2 a2 a0 a1 a0 a1 a0 a1 a1 a2 a0 a0 SS
[0, 1, 2] a2 a0 a1 a0 a1 a0 a1 a1 a2 a0 a0 SSS
[0, 1, 2] a0 a1 a0 a1 a0 a1 a1 a2 a0 a0 SSSS
[0, 3] a1 a0 a1 a0 a1 a1 a2 a0 a0 SSS
[0, 4] a0 a1 a0 a1 a1 a2 a0 a0 SSS
[0, 5] a1 a0 a1 a1 a2 a0 a0 SS
[0, 6] a0 a1 a1 a2 a0 a0 SS
[0, 7] a1 a1 a2 a0 a0 match S
[0] a1 a2 a0 a0 S
[0] a2 a0 a0 S
[0, 1] a0 a0 SS
[0] a0 S
[0] ε ε

Fig. 8. Trace of deterministic subtree PDAMdps(t1) from Ex-
ample 4.3 for an input subtreet2 in prefix notation pref(t2) =
a2 a2 a2 a0 a1 a0 a1 a0 a1 a1 a2 a0 a0.

Mdx(t) = (Q′,A, {S}, δ′, {q0}, S, F ′) constructed by Alg. 3
is equivalent to PDAMnx(t).

Proof: First, we prove the following claim by induction
on i:
(*): (q′1, w, S) ⊢i

Mdx(t) (q′2, ε, S
j) if and only if

q′2 = {p : (q, w, S) ⊢i
Mnx(t) (p, ε, Sj) for some q ∈ q′1}.

1) Assume i=1.
– if : if (q′1, a, S) ⊢Mdx(t) (q′2, ε, S

j), then there exists
a stateq ∈ q′1, where(q, a, S) ⊢Mnx(t) (p, ε, Sj),
p ∈ q′2.

– only if : if (q, a, S) ⊢Mnx(t) (p, ε, β), then for
each q′1 ∈ Q′, where q ∈ q′1, it holds that
(q′1, a, S) ⊢Mdx(t) (q′2, ε, S

j), wherep ∈ q′2.
2) Assume that claim (*) holds fori = 1, 2, . . . , k, k ≥ 1.

This means that(q′1, w, S) ⊢k
Mdx(t) (q′2, ε, S

j) if and
only if
q′2 = {p : (q, S, w) ⊢k

Mnx(t) (p, ε, Sj) for some q ∈
q′1}. We have to prove that claim (*) holds also for
i = k + 1.

– if : if (q′1, w, S) ⊢k
Mdx(t) (q′2, a, Sl) ⊢Mdx(t)

(q′3, ε, S
j) , then there exists a stateq ∈ q′2, where

(q, a, Sl) ⊢Mnx(t) (p, ε, Sj), p ∈ q′3.
– only if : if (q0, pref(t), S) ⊢k

Mnx(t)

(q, a, Sl) ⊢Mnx(t) (p, ε, Sj), then for each
q′1 ∈ Q′, where q ∈ q′1, it holds that
(q′1, a, Sl) ⊢Mdx(t) (q′2, ε, S

j), wherep ∈ q′2.
As a special case of claim (*),({q0}, pref(t), S) ⊢i

Mdx(t)

(q′, ε, ε) if and only if (q0, S, pref(t)) ⊢i
Mnx(t) (q1, ε, ε).

Thus, the theorem holds.
We note that trees with the structurepref(t) = (a1)n−1a0

represent strings. The deterministic subtree matching PDAfor
such trees has the same number of states and transitions as
the deterministic substring matching automaton constructed
for pref(t) and accepts the same language.

V. COMPLEXITIES

In this section we present the time and space complexity for
the construction phase of the deterministic subtree matching
automaton along with the time complexity of the searching
phase.

Theorem 9:Given a treet with n nodes and its prefix nota-
tion pref(t), the deterministic subtree matching PDAMpds(t)
constructed by Alg. 2 and 3 has exactlyn + 1 states, one
pushdown symbol and|A|(n + 1) transitions.

Proof: Since the subtree matching PDA is directly anal-
ogous to the string matching automaton, we can use the proof
from [6], [17].

Theorem 10:Given an input treet with n nodes, the search-
ing phase of the deterministic subtree matching automaton
constructed by Algs. 2 and 3 over trees with m nodes, that
is finding all occurrences of subtrees in tree t, is O(n).

Proof: The searching phase consists of reading treet
once, symbol by symbol from left to right. The appropriate
transition is taken each time a symbol is read, resulting
in exactly n transitions. Occurrences ofs are matched by
transitions leading to the final state.
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a0

a0 a1 a0

a2 a1

a2

a2 a2 a0 a1 a0 a1 a0

a0 a0 a0

a0 a1 a0 a2

a2 a1 a1

a2 a1

a1

a2 a2 a2 a0 a1 a0 a1 a0 a1 a1 a2 a0 a0

Fig. 9. Tree t1 = a2 a2 a0 a1 a0 a1 a0 and tree t2 =
a2 a2 a2 a0 a1 a0 a1 a0 a1 a1 a2 a0 a0 from Example 4.3 along with
their prefix notations.

VI. CONCLUSION

In this paper, we have introduced a new kind of pushdown
automata: subtree matching PDAs for trees in prefix notation.
These pushdown automata are in their properties analogous to
string matching automata, which are widely used in stringol-
ogy [5], [6], [17], [21]. The presented subtree matching PDA
is constructed over a treet1 having m nodes and serving as
the pattern, and the deterministic version allows to find all
occurrences of the patternt1 in a given treet2 with n nodes
in time linear inn.

Regarding specific tree algorithms whose model of com-
putation is the standard deterministic pushdown automaton,
recently we have introduced principles of three new basic
algorithms. First, the tree pattern matching PDA [8], [16],
which is an extension of the subtree matching PDA presented
in this paper. Second, so-called subtree and tree pattern PDAs,
which represent a complete index of the tree and the search
phase of all occurrences of a subtree or a tree pattern,
respectively, of sizem is performed in time linear inm and
not depending on the size of the tree [14], [15], [16]. These
automata representing indexes of trees are analogous in their
properties to the string suffix and factor automata [5], [6],[17],
[21]. Third, a method how to find all repeats of connected
subgraphs in trees with the use of subtree or tree pattern
PDAs [18], [16]. More details on these results and related
information can also be found on [2].
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