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Abstract—Subtree matching is an important problem in Com- matching automaton can be constructed in time linear to the

puter Science on which a number of tasks, such as mechanicalsjze of the given patter® and the search phase is in time
theorem proving, term-rewriting, symbolic computation and non- linear to the input text.

procedural programming languages are based on. A systemati .
approach to the construction of subtree pattern matchers by Although there are many tree pattern matching methods

deterministic pushdown automata, which read subject treesn  (s€e [11] for these methods along with their time and space
prefix notation, is presented. The method is analogous to the complexities), they fail to represent a simple and systamat

construction of string pattern matchers: for a given pattem, a approach with a linear time searching phase which would

nondeterministic pushdown automaton is created and then iis | irectly anal h i rin M i h
determinised. In addition, it is shown that the size of the reulting ;Z?hg?j directly analogous to the basic string pattern nrage

deterministic pushdown automata directly corresponds to he size . . .
of the existing string pattern matchers based on finite autorata. This paper presents a new kind of PDAs for trees in
prefix notation, which is directly analogous to string matgh

automata and their propertiesubtree matching PDAson-
structed over a tre¢; can find all occurrences of subtreg
HE THEORY of formal string (or word) languages [1],within a given treet, in time O(n), wheren is the number
[12], [19] and the theory of formal tree languages [4], [7]of nodes oft,. The basic idea of the subtree matching PDAs
[9] are important parts of the theory of formal languageq.[20has been presented in [16]. This paper deals with the subtree
The most famous models of computation of the theory of tregatching PDAs in more detail.
languages are various kinds of tree automata [4], [7], [€8 By analogy with the string matching automaton, the subtree
can also be seen as strings, for example in their prefix (al$mtching PDA is constructed over a given subttedaving
called preorder) or postfix (also called postorder) notatib3] 1 nodes.
shows that the deterministic pushdown automaton (PDA) is anMoreover, the presented subtree matching PDAs have the
appropriate model of computation for labelled, orderedkeal following two other properties. First, they are input—eiiv
trees in postfix notation and that trees in postfix notatiorctvh PDAs [23], which means that each pushdown operation is
are accepted by deterministic PDAs form a proper superclagstermined only by the input symbol. The input-driven PDAs
of the class of regular tree languages, which are accepteddayy be always determinised [23]. Second, their pushdown
finite tree automata. symbol alphabets contain just one pushdown symbol and
Tree pattern matching is often declared to be analogoustk@refore their pushdown store can be implemented by aesing|
the problem of string pattern matching [4]. One of the basiateger counter. This means that the presented PDAs can be
approaches used for string pattern matching can be reftegsefransformed to counter automata [3], [22], which is a weaker
by finite automata constructed for the pattern, which meaaad simpler model of computation than the PDA.
that the pattern is preprocessed. Examples of these awtomatrhe rest of the paper is organised as follows. Basic defini-
can be the string matching automata [5], [6], [17], [21]. &iv tions are given in section Il. Some properties of subtrees in
a patternP of size m, the string matching automaton carprefix notation are discussed in the third section. The fourt
be constructed for the patterR in time linear tom. The section deals with the subtree matching PDA. Fifth section
constructed string matching automaton accepts the setl of @dts as an overview of the time and space complexities and
words containing patter® as a suffix and thus it can find allthe last section is the conclusion.
occurrences of string in a given textl’. The main advantage
of this kind of finite automata is that the deterministic regri

I. INTRODUCTION

1. BASIC NOTIONS
A. Ranked alphabet, tree, prefix notation, subtree matching
This research has been partially supported by the Ministrizducation,

Youth and Sports under research program MSMT 684077001d,bsinthe We define notions on trees similarly as they are defined in
Czech Science Foundation as project No. 201/09/0807. [11, [41, [71, 9]
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We denote the set of natural numbers Ny A ranked
alphabetis a finite, nonempty set of symbols, each of which
has a unique nonnegatiaity (or rank). Given a ranked / \
alphabetA, the arity of a symbok € A is denoteddrity(a). a2y ale
The set of symbols of arity is denoted byA,. Elements of VAN \
arity 0,1,2, ..., p are respectively called nullary (constants), a0s aly a07
unary, binary, . ., p-ary symbols. We assume thdt contains
at least one constant. In the examples we use numbers at the
end of identifiers for a short declaration of symbols withyari
For instancea?2 is a short declaration of a binary symhal

Based on concepts of the graph theory (see [1]), a labelled,
ordered, ranked tree over a ranked alphabetan be defined
as follows:

An ordered directed graphG is a pair (IV, R), where Fig. 1. Treet; from Example 2.1 and its prefix notation.
N is a set of nodes and? is a set of linearly ordered
lists of edges such that each elementfis of the form

pref(t;) = a2 a2 a0 al a0 al a0

((f7 gl)a (fa 92)5 DR (fa gn))* where fa 91,92,---,9n S N! (((121, (122), ((121, (116)),
n > 0. This element would indicate that, for node there ((a22,a03), (423, als)),
aren edges leavingf, the first entering node;, the second ((ala, a0s)),

entering nodeys, and so forth. ((ale, a07))

) Tree t; in prefix notation is string pref(t;) =
A sequence of node§fo, fi..... fa), n 2 1, is apathof 5 5 4 41 40 al a0. Trees can be represented graphically
lengthn from node f, to nodef,, if there is an edge which

) and treet; is illustrated in Fig. 1m
leaves nodef;_; and enters nod¢; for 1 < < n. Acycle g height of a tree, denoted byHeight(t), is defined as

is a path(fo, fi,..., fa), where fo = f,. An ordereddag o mayimal length of a path from the root ofo a leaf oft.
(dag stands for Directed Acyclic Graph) is an ordered dagct A subtreep matchesan object treg at noden if p is equal
graph that has no cycle. Rbelling of an ordered graptyr = to the subtree of rooted atn.

(A, R) is a mapping ofA into a set of labels. In the examples
we useu s for a short declaration of nodglabelled by symbol B. Alphabet, language, pushdown automaton

a-. We define notions from the theory of string languages
Given a nodgef, its out-degreeés the number of distinct pairs similarly as they are defined in [1], [12].

(f,9) € R, whereg € A. By analogy,in-degreeof the node  Let an alphabetbe a finite nonempty set of symbols. A
[ is the number of distinct pair§y, f) € R, whereg € A. string 2 over a given alphabet is a finite, possibly empty
A labelled, ordered, ranked and rooted tre@ver a ranked Sequence of symbols. Aanguageover an alphabe# is a
alphabetA is an ordered dag= (N, R) with a special node set of strings overd. Set A* denotes the set of all strings

r € A called theroot such that over A including the empty string, denoted lay Set A™ is
(1) r has in-degree, defined asA™ = A* \ {¢}. Similarly for stringz € A*,
(2) all other nodes of have in-degree 1, ™, m > 0, denotes them-fold concatenation ofr with
(3) there is just one path from the roptto everyf € N, 2" = . Setz* is defined asz* = {z™ : m > 0} and
where f # r, =z \{e}={a™m:m >1}.
(4) every nodef € N is labelled by a symbok ¢ A and An (extended) nondeterministic pushdown
out-degree oty is Arity(a). automaton (nondeterministic PDA) is a seven-tuple
Nodes labelled by nullary symbols (constants) are calldd = (@,A,G.0,q, %0, F'), where @ is a finite set of

states A is an input alphabet G is a pushdown store
dalphabeté is a mapping fromQ x (AU {e}) x G* into a set

of finite subsets of) x G*, qo € Q is an initial stateZ, € G

is the initial contents of the pushdown store, dnd- @ is the

set of final (accepting) states. Triplet w,x) € Q x A* x G*
denotes the configuration of a pushdown automaton. In this
Eaper we will write the top of the pushdown staren its left
hand side. The initial configuration of a pushdown automaton

leaves

Prefix notation preft) of a labelled, ordered, ranked an
rooted treet is obtained by applying the followindgstep
recursively, beginning at the root of
Step Let this application oBtepto be nodex;. If a; is a leaf,
list « and halt. Ifa; is not a leaf, let its direct descendants b
af ,af,,...,as,. Then lista and subsequently applgtepto

Gf1)fy,- -5 af, N that order. is a triplet (qo, w, Zo) for the input stringw € A*.
Example 2.1:Consider a ranked alphabetd = The relationty,C (Q x A* x G*) x (@ x A* x G¥)
{a2,al,a0}. Consider a tree; over.A is a transition of a pushdown automatof/. It holds that

t1 = ({a21,a24,a0s3,aly,a05,alg,a07}, R), whereR is a (q,aw,afB) Fy (p,w,vB) if (p,v) € 0(¢,a,«). The k-th
set of the following ordered sequences of pairs: power, transitive closure, and transitive and reflexivesgte
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Fig. 2. Transition diagram of deterministic string matghimutomaton for patters = a2 a2 a0 al a0 al a0 from Example 2.2.

of the relationt-,; is denoted-%,, -1, 4, respectively. A a2
pushdown automatol is deterministicpushdown automaton VRN
Tnicti 3 . a2 al a2
(deterministic PDA), if it holds: ) PN | PN
1) [6(g,a,y)| <1forallge @ ac AU{e}, v € G™. a0 al a0 a0 al al
2) If 6(q,a,a) # 0, 6(¢q,a,8) # 0 anda # 3 thena is | | |
not a suffix of 3 and 5 is not a suffix ofa. a0 a0 a0 a0

3) If 6(q,a, ) # 0, 6(q,e,8) # 0, thena is not a suffix
of 3 andg is not a suffix ofa.
A pushdown automaton iaput—drivenif its each pushdown
operation is determined only by the input symbol.
A language L accepted by a pushdown automatdn is
defined in two distinct ways:
1) Accepting by final state:

a2 a2 a0 al a0 al a0 a2 a0 al a0 al a0 a0

Fig. 3. All subtrees of tre¢; from Example 2.1, and their prefix notations.

Example 3.1:Consider treg; in prefix notationpref(¢;) =
a2 a2 a0 al a0 al a0 from Example 2.1, which is is illustrated
L(M) = {x: §(qo, x, Zo) Fiy (¢,6,7) Az € A" A in Fig. 1. Treet; contains only subtrees shown in Fig. 3.

* Generally, for any tree, the following theorem holds.
y€E€G"Nq€E F}. . ) X .
Theorem 1:Given a treet and its prefix notatiorpref(t),
2) Accepting by empty pushdown store: all subtrees ot in prefix notation are substrings pfef(t).

Lo(M) = {z : (g0, 7, Z0) Fiy (g, ,6)Az € A*Aq € QY. Proof: By induction on the height of the subtree.

1) If a subtree’ has just one node, whereArity(a) = 0,
If PDA accepts the language by empty pushdown store then = {en Height#') = 0, pref(t’) = a and the claim holds
the setF of final states may be the empty set. The subtree o that subtree.

PDAs accept the languages by empty pushdown store. 2) Assume that claim holds for subtrees,t,, ..., t,,
For more details on pushdown automata see [1], [12]. wherep > 1, Height't;) < m, Heightt;) < m, ...,
C. Example of string matching automaton Height(t,) < m, m > 0. We have to prove that the

claim holds also for each subtrée= att, . ..t,, where
Arity(a) = p, Heightt') = m + 1:

As pref(t’) = a pref(t1) pref(ts) ... pref(t,), the claim
holds for the subtreé€.

Example 2.2:The transition diagram of the determin-
istic string matching automaton constructed for string
a2 a2 a0 al a0 al a0 is illustrated in Fig. 2. (See [1],[5]
and [17] for definitions of finite automata and constructién o

the deterministic string matching automaton.) Thus, the theorem holds. _ . -
However, not every substring of a tree in prefix notation is

Ill. PROPERTIES OF SUBTREES IN PREFIX NOTATION  jt5 subtree in prefix notation. This can be easily seen on the
In this section we describe some general properties of tfaet that for a given tree witlh nodes in prefix notation, there
prefix notation of a tree and of its subtrees. These propertigan beO(n?) distinct substrings but there is justsubtrees —
are important for the construction of the subtree matchirggich node of the tree is the root of just one subtree. Just thos
PDA, which is described in the next section. substrings which themselves are trees in prefix notation are
those which are the subtrees in prefix notation. This prgpert
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Fig. 4. Transition diagram of deterministic PDI,,(¢1) accepting tree in prefix notationpref(¢1) = a2 a0 a2 a0 a0 a0 from Example 4.1.
is formalised by the following definition and theorem. ti,t2...t, are subtrees which are adjacent siblings. In
Definition 2: Let w = aiaz...am, m > 1, be a such casac(w) =p+0—(p+1)+1=0.
string over a ranked alphabet. Then, thearity checksum No other possibility of the form ofv for ac(w) = 0 is
ac(w) = Arity(aq) + Arity(az) + ... + Arity(a,,) — m + 1= possible. Thus, the claim holds.

S Arity(a;) —m + 1.

Theorem 3:Let pref(t) andw be a tree in prefix notation
and a substring opref(t), respectively. Theny is the prefix
notation of a subtree of, if and only if ac(w) = 0, and
ac(wy) > 1 for eachw; , wherew = wyz, x # ¢.

Proof: It is easy to see that for any two subtregs
and st it holds thatpref(st;) and pref(sty) are either two

Thus, the theorem holds. [ |

We note that in subtree matching PDAs, the arity checksum
is computed by pushdown operations, where the contents
of the pushdown store represents the corresponding arity
checksum. For example, the empty pushdown store means that
the corresponding arity checksum is equabto

different strings or one is a substring of the other. The farm

case occurs if the subtrees, andst, are two different trees IV. SUBTREE MATCHING PUSHDOWN AUTOMATON

with no shared part and the latter case occurs if one tree is a

subtree of the other tree. No partial overlapping of sulstise  This section deals with the subtree matching PDA for trees
possible in ranked ordered trees. Moreover, it holds fortewsy in prefix notation: algorithms and theorems are given and the
subtrees which are adjacent siblings that their prefix motat subtree matching PDA and its construction are demonstrated

are two adjacent substrings. with an example.
— If: By induction on the height of a subtreg, where  Definition 4: Let s andpref(s) be a tree and its prefix no-
w = pref(st): tation, respectively. Given an input treea subtree pushdown
1) We assume thatleigth(st) = 1, which means we automaton constructed overef(s) accepts all matches of tree

2)

consider the casev = a. where Arity(a) = 0. s in the input treet by final state.
Then, ac(w) = 0. Thus, the claim holds for the First, we start with a PDA which accepts the whole

caseHeight(st) = 1. subject tree in prefix notation. The construction of the PDA
Assume that the claim holds for the subtreesccepting a tree in prefix notation is described by Alg. 1. The
sti, sta,...,st, wherep > 1, Heightst;) < constructed PDA is deterministic.

m, Height(stz) < m, ..., Heightst,) < m,

ac(pref(st1)) = 0, ac(pref(stz)) = 0, ... Algorithm 1. Construction of a PDA accepting a tredn
ac(pref(st,,)) = 0. prefix notationpref(t).

We are to prove that it holds also for |npyt: A treet over a ranked alphabet; prefix notation
a subtree of height m + 1. Assume  preft) = ajas...an, n > 1.

w = a pref(st,) prefst2) ...pref(st,), where  output: PDA M, (t) = ({0,1,2,...,n}, 4,{5},5,0,S,0).
Arity(a) = p. Then Method: 1.

ac(w) = p + ac(pref(st1)) + ac(pref(stz)) + ... +
ac(pref(st,)) — (p+ 1) +1 = 0 andac(w;) > 1
for eachw; , wherew = wyz, x # .

Thus, the claim holds for the cad¢eight(st) =
m+ 1.

1) For each stateé, wherel < i < n, create a new
transition _
§(i —1,a4,8) = (i, SAM(@)), whereS° = . m

— Only if: Assumeac(w) = 0, andw = ajas .. .ax, where Example 4.1:The PDA constructed by Alg. 1, accepting
k > 1, Arity(a;) = p. Sinceac(w;) > 1 for eachw;, the prefix notatiorpref(t;) = a2 a2 a0 al a0 al a0 of tree
wherew = wiz, © # &, none of the substrings; ¢; from Example 2.1, is the deterministic PDA
can be a subtree in prefix notation. This means that thé,(t;) = ({0,1,2,3,4,5,6,7},4,{S},61,0,5,0)), where
only possibility forac(w) = 0 is thatw is of the form the mapping); is a set of the following transitions:

w = a pref(t,) pref(ts) ... pref(t,), wherep > 0, and
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State Input Pushdown Store
0 a2 a2 a0 al a0 al a0 S

1 a2 a0 al a0 al a0 S S

2 a0 al a0 al a0 SSS
3 al a0 al a0 S S

4 a0 al a0 S S

5 al a0 S

6 a0 S

7 € €
accept

Fig. 5. Trace of deterministic PDA/Z,(t1) from Example 4.1 for tree;

in prefix notationpref(t;) = a2 a2 a0 al a0 al a0.

61(0,a2,5) = (1,589)
01(1,a2,8) = (2,59)
51(2,a0,5) = (3,¢)
51(3,(11,3) = (4,3)
51(4,a0,5) = (5,¢)
50(5,al,5) = (6,9)
51(6,a0,5) = (7,¢)

The transition diagram of deterministic PDAZ,(t1) is

illustrated in Fig. 4. In that figure, for each transition eul

01(p, a, ) = (g, B) from §, the edge leading from stageto
stateq is labelled by the triplet of the form|a — £.
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Heightt) = 0, pref(t) = a, §(0,a,5) = (1,¢) € 4,
(0,a,8) Far, ) (1,6,¢) and the claim holds for that
tree.
Assume that claim holds for trees, to, ..., t,, where
p > 1, Heightt;) < m, Heightts) < m, ...,
Height(t,) < m, m > 0.
We have to prove that the claim holds also for each tree
t such that
pref(t) = a pref(t1)pref(ts) ... pref(t,), Arity(a) = p,
andHeight(t) > m + 1:
Sinced(0,a,S) = (1,5?) € 4, and
(0, a pref(t,)pref(ts) ... pref(t,), S)
Faryo) (1, pref(t: pref(ts) ... pref{,), S7)
Far, ) (6 pref(ta) .. pref(t,), SP~1)

My(t)
l_X[p(t) (Jv pref(tp)a S)
Fin ) (Fgs),
the claim holds for that tree.

2)

Thus, the lemma holds. [ |

We present the construction of the deterministic subtree
matching PDA for trees in prefix notation. The construction
consists of two steps. First, a nondeterministic subtree

Fig. 5 shows the sequence of transitions (trace) performestching PDA is constructed by Alg. 2. This nondeterministi

by deterministic PDAM,,(¢1) for treet; in prefix notation®
Theorem 5:Let M = ({Q, A,{S},4,0,5,0) be an input-
driven PDA whose each transition from is of the form
5(q1,a,S) = (g2, 5%), wherei = Arity(a).
Then, if (g3, w, S) Fi; (g4,¢,57), thenj = ac(w).
Proof: By induction on the length ofo:
1) Assumew = a. Then,(q3,a,S) Far (qa,¢,57), where

subtree matching PDA is an extension of the PDA accepting
trees in prefix notation, which is constructed by Alg. 1.
Second, the constructed nondeterministic subtree majchin
PDA is transformed to the equivalent deterministic subtree
matching PDA. In spite of the fact that the determinisation
of a nondeterministic PDA is not possible generally, the
constructed nondeterministic subtree matching PDA is an

j = Arity(a) = ac(a). Thus, the claim holds for the casenPut—driven PDA and therefore can be determinised [23].

w = aQ.
Assume that claim holds for a string = ajas ... ax,
wherek > 1. This means thatgs,ajas ... ax, S) F%,
(q4,€,57), wherej = ac(ayas . .. ax). We have to prove
that the claim holds also fav = ajas ... a; a.

It holds that(gs,a1az...axa,S) l—’fw (q4,a,87) Fur
(gs,¢,S"), where

I =7+ Arity(a) — 1 = ac(w) + Arity(a) — 1

= Arity(ay) + Arity(ag) + ... + Arity(ax) — k + 1 +
Arity(a) — 1

= aC(alag - aka).

Thus, the claim holds for the case= ajas...ax a.
Thus, the theorem holds.

2)

Algorithm 2. Construction of a nondeterministic subtree
matching PDA for a tree in prefix notationpref(t).

Input: A tree ¢t over a ranked alphabet; prefix notation
pref(t) = araz...an, n > 1.

Output: ~ Nondeterministic subtree matching PDA
ans(t) = ({05 17 25 cey n}a Av {S}a 57 Oa Sa {n})
Method: 1.

1) Create PDAM,,,s(t) as PDAM,(t) by Alg. 1.
2) For each symbal € A create a new transition
5(0,a,8) = (0, SAY(®) whereS® = c. m

The correctness of the deterministic PDA constructed by
Alg. 1 which accepts trees in prefix notation, is described by Example 4.2:The subtree matching PDA, constructed by

the following lemma.

Lemma 6:Given a treet and its prefix notatiorpref(t),
the PDA M, (t) = ({0,1,2,..., n}, A, {S},6,0,5,0), where
n > 0, constructed by Alg. 1 acceppsef(t).

Proof: By induction on the height of the tree

1) If treet has just one node, whereArity(a) = 0, then

Alg. 2 from tree t; having prefix notationpref(¢;)
a2 a2 a0 al a0 al a0, is the nondeterministic PDA
Myps(t) ({0,1,2,3,4,5,6,7},A,{S},02,0,5,{7})),
where mapping- is a set of the following transitions:
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al0|S +— e
allS+— S
a2|S — SS

2|8+ S5S, 2|8+ SS§, 0|S 11— 8 0|S 11§+ 8 0]S
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Fig. 6. Transition diagram of nondeterministic subtreeahisig PDA M, (¢1) for tree¢; in prefix notationpref(¢1) = a2 a2 a0 al a0 al a0 from Example

52(0,a2,5) = (1,59) ) ¢ =1{q: _ '

q" ={q: 0(p,a,a) = (g, p) forall p € ¢'}.
02(1,a2,5) = (2,99) 92(0,a2,5) = (0,55) i) Add transitiond’(¢’,a, S) = (¢”, Arity(a)).
02(2,a0,5) = (3,¢) 92(0,al,5) = (0,5) i)y If ¢” ¢ Q then addq” to Q and set it as
5253, al, S; = E4, S)) 92(0,a0,5) = (0,¢) unmarked state.
02(4,a0,S) = (5,¢e /
52(5.a1.5) = (6.5) c) Set state;’ as marked.
52(6,a0,5) = (7,¢) 3) Repeat step 2 until all states @/ are marked.

HF ={qd|deQNdNF#)}.m
The transition diagram of the nondeterministic PDA The deterministic subtree matching automaddp,(¢) for
M,ps(t1) is illustrated in Fig. 6. Again, in that figure, for eacha treet with prefix notationpref(t) is demonstrated by the
transition ruleds(p, a, o) = (g, 3) from §,, the edge leading following example.
from statep to stateq is labelled by the triplet of the form  Example 4.3:The deterministic subtree matching PDA for
ala— (. M treet; in prefix notationpref(t;) = a2 a2 a0 al a0 al a0
Theorem 7:Given a trees and its prefix notatiompref(s), from Example 2.1, which has been constructed by Alg. 3
the PDAM,,;5(s) constructed by Alg. 2 is a subtree matchingrom nondeterministic subtree matching PDAL,,,(t1)
PDA for pref(s). from Example 4.2, is the deterministic PDAly,s(t1) =
Proof: According to Theorem 3, given an input tree ({[0], [0,1],[0, 1, 2], [0, 3], [0, 4], [0, 5], [0, 6], [0, 7]}, A,
each subtree in prefix notation is a substringdf(z). Since {S}, 43, [0], S, {[0,7]}),
the PDA M,,,,s(s) has just states and transitions equivalent if@here mappings is a set of the following transitions:
the states and transitions, respectively, of the stringchiag

43([0], a0, S = ([o], 43([0,4], a0, S = 0,5],e
aqtomaton , the PDAV,,s(t) accepts all matches of subtree 5;20%’“75; - (0{73 6;20’%21’5; = EO],Q»
s in treet by final state. [ | 55([0], a2, S) = ([0,1],58) 55([0,4],a2,5) = ([0,1],9S)
For the construction of deterministic subtree PDA, we use :{015's) = ({9 rhdaed = s
1 i i f 43([0,1],a2, S = 0,1,2],SS 43([0,5],a2, S = 0,1],S8S
the transformation described by Alg. 3_. This transforrmat_m_ _ (ggo; 1172]71107)5) = Eo S]TE]) ) 5;%(]’6?&0,5; = 50,7},5) )
based on the well known transformation of nondeterministic s3(0,1,2],a1,5) = ([0],9) 55([0,6],a1,S) = ([0],S)
finite automaton to an equivalent deterministic one, which {525 = ([LPSS  pBo e = {0159
inisti 43([0,3],al, S = 0,4], S 43([0,7],al, S = 0],S
constructs the states of the deterministic automaton asessib 53}2 0,3}@2, S; - Eo, 1{ 1]7) 55) 5;20’7 M,S; = EOI 1],)35)

of states of the nondeterministic automaton and selecisanl
set of accessible states (i.e. subsets) [12]. Again, stdttde

resulting deterministic PDA correspond to subsets of statﬁ"i
of the original nondeterministic PDA.

The transition diagram of deterministic PDRy,,(t1) is
ustrated in Fig. 7. Again, in that figure, for each traimit
rule §3(p, a, &) = (q, 8) from Js5, the edge leading from state

_ ) _ ) p to stateq is labelled by the triple of the form|a — £.
Algorithm 3. Transformation of an input—driven nondeter- \n note that the deterministic subtree matching PDA

ministic PDA to an equivalent deterministic PDA. Maps(t1) has a very similar transition diagram to the string
Input: Input-driven nondeterministic PDA matching automaton constructed faref(,) [5], [17], as can
My (t) = ({Q’ 1,2,.. ""}74’_{5}75’075’ F) be seen by comparing Figs. 2 and 7.
Output: Equllvalent det/ermlmstl(/: PDA Fig. 8 shows the sequence of transitions (trace)
Mo (t) = (@', A, {5}, 0" a1, 5, ). performed by the  deterministic  subtree  PDA
Method: 1. Maps(t1) for an input tree to in prefix notation
1) Initially, Q" = {{0}}, ¢ = {0} and {0} is an pref(ty) = a2 a2 a2 a0 al a0 al a0 al al a2 a0 a0.
unmarked state. The accepting state i§0,7}. Fig. 9 depicts the pattern
2) (@ subtreet; and input treet;. B
a) Select an unmarked stajefrom Q’. Theorem 8:Given a nondeterministic input—driven PDA

b) For each input symbal € A: M,.(t) = (Q,A,{S}, §,q0,S,F), the deterministic PDA
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a0[S o )5S a2l 8 a2|S+— SS
al|S — S " a2|S— SS a2|S — SN

a2|S — SS~a2|S — SSQM(MS — S a0lS — € allS— S a0lS — €
0,1] 0,1,2) 0,3] 0.4] 0,5] 0,6] 0.7]

allS+— S
S a0]S — ¢
allS+— S
a0lS — €
al|lS— S
al|lS — e
allS+— S
allS+— S
a0lS — e

Fig. 7. Transition diagram of deterministic PDW 4, (t1) for treet; in prefix notationpref(t;) = a2 a2 a0 al a0 al a0 from Example 4.3.

State Input PDS T T ’ k / l

[0] a2 a2 a2 a0 al a0 al a0 al al a2 a0 a0 S it ', it gql’ w, S) l_Md“(t? (a2, 0, 57) ,l_Mdm(t)

0,1]  a2a2 a0 al a0 al a0 al al a2 a0 a0 SS (g5,€,57) , then there exists a stajec g5, where

0,1,2] a2 a0 al a0 al a0 al al a2 a0 a0 SSS (¢:a,8") Fa,uey (056,57), p € g3

[0,1,2) a0 al a0 al a0 al al a2 a0 a0 SSSS —only if: if (90, pref(t), S) '_Ifwm(t)

[0,3]  al a0 al a0 al al a2 a0 a0 SSS (0,5 Farey  (poe,S7), then for each

[0,4] a0 al a0 al al a2 a0 a0 SSS ¢, € @, where ¢ € ¢, it holds that

[0,5] al a0 al al a2 a0 a0 SS (¢}, a,5") Far, ) (b€, S9), wherep € dj.

[0, 6] a0 al al a2 a0 a0 SS A ial fI laim (% ) g) ki

0,7  al al a2 a0 a0 match S s a special case of claim (Y{qo}, pref(?), 5) Fiy,, ()

0] al a2 a0 a0 s (d',ee) if and only if (qo, S,pref(t)) Fiy ) (a1,€,€).

[0] a2 a0 a0 S Thus, the theorem holds. ]

[0,1] a0 a0 SS We note that trees with the structupeef(t) = (a1)"~1a0

(0] a0 S represent strings. The deterministic subtree matching RDA

(0] € € such trees has the same number of states and transitions as
Fig. 8. Trace of deterministic subtree PDAZg,.(t1) from Ex- the deterministic substring matching automaton constdict
ample 4.3 for an input subtreegs in prefix notation pref(t2) = for pref(t) and accepts the same language.

a2 a2 a2 a0 al a0 al a0 al al a2 a0 a0.
V. COMPLEXITIES

In this section we present the time and space complexity for
the construction phase of the deterministic subtree nradchi
automaton along with the time complexity of the searching
phase

Theorem 9:Given a treg with n nodes and its prefix nota-
tion pref(t), the deterministic subtree matching PD&,4; (¢)

Ma(t) = (Q', A, {S}, 0, {q}, S, F’) constructed by Alg. 3
is equivalent to PDAM,,, ().

Proof: First, we prove the following claim by induction
on
*: (¢}, w,S) dex(t) (qh,e,87) if and only if

g =1{p: (q,w,.S) YT (p,&,57) for some g € ¢} constructed by Alg. 2 and 3 has exactly+ 1 states, one
1) Assume i=1. ‘ pushdown symbol anfi4|(n + 1) transitions.
= if:if (¢1,a,5) Fasy, (1) (g3,€,57), then there exists Proof: Since the subtree matching PDA is directly anal-
a stateq € ¢;, where(q,a,5) Fa,, ) (p,£,57),  ogous to the string matching automaton, we can use the proof
p € ¢ from [6], [17]. [

—only if: if (g,a,5) Far,. (pe0), then for  Theorem 10:Given an input treé with n nodes, the search-
eachq; € @', whereg € ¢, it holds that jng phase of the deterministic subtree matching automaton

(q1,a,5) Farz. ) (g5,€,57), wherep € g;. constructed by Algs. 2 and 3 over treewith m nodes, that
2) Assume that claim (*) holds for=1,2,...,k, kK > 1. is finding all occurrences of subtreen treet, is O(n).
This means tha{q], w, S) Hj@z(t) (¢h,e,57) if and Proof: The searching phase consists of reading tree
only if once, symbol by symbol from left to right. The appropriate

¢ = {p : (¢,Sw) F’fwm(t) (p,e,57) for some ¢ € transition is taken each time a symbol is read, resulting
q1}. We have to prove that claim (*) holds also forin exactly n transitions. Occurrences of are matched by
i=k+1. transitions leading to the final state. [ |
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/N [1]
a2 a2 al
VRN VRN !
a2 al a2 al al [2]
VRN ! VRN Lo
a0 al a0 a0 al a0 a2 [3]
[ [ VAN
a0 a0 a0 a0 [4]

a2 a2 a0 al a0 al a0 a2 a2 a2 a0 al a0 al a0 al al a2 a0 a0 (5]

(6]
(7]

Fig. 9. Tree t1 a2 a2 a0 al a0 al a0 and tree to
a2 a2 a2 a0 al a0 al a0 al al a2 a0 a0 from Example 4.3 along with
their prefix notations.

(8]
VI. CONCLUSION

In this paper, we have introduced a new kind of pushdowhgl
automata: subtree matching PDAs for trees in prefix notation
These pushdown automata are in their properties analogou$'¢!
string matching automata, which are widely used in string 1]
ogy [5], [6], [17], [21]. The presented subtree matching PD.
is constructed over a trelg havingm nodes and serving as(12]
the pattern, and the deterministic version allows to find all
occurrences of the pattetn in a given treet, with n nodes [13]
in time linear inn.

Regarding specific tree algorithms whose model of corh!

putation is the standard deterministic pushdown automaton
recently we have introduced principles of three new badi®l
algorithms. First, the tree pattern matching PDA [8], [16h6
which is an extension of the subtree matching PDA presented]
in this paper. Second, so-called subtree and tree pattefs,PD
which represent a complete index of the tree and the sealt
phase of all occurrences of a subtree or a tree pattens)
respectively, of sizen is performed in time linear imm and
not depending on the size of the tree [14], [15], [16]. Thed®”
automata representing indexes of trees are analogousim tie]
properties to the string suffix and factor automata [5], [67],
[21]. Third, a method how to find all repeats of connected”
subgraphs in trees with the use of subtree or tree pattgzz
PDAs [18], [16]. More details on these results and related
: . [23
information can also be found on [2].
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